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The main goal of this paper is to assess the limits of validity, in the regime of low concentration and strong
Coulomb couplinghigh molecular charggsof a simple perturbative approximation to the radial distribution
functions(RDF’s), based upon a low-density expansion of the potential of mean force and proposed to describe
protein-protein interactions in a recent small-angle-scattei8%S) experimental study. A highly simplified
Yukawa(screened Coulombmodel of monomers and dimers of a charged globular pré@iactoglobulin in
solution is considered. We test the accuracy of the RDF approximation, as a necessary complementary part of
the previous experimental investigation, by comparison with the fluid structure predicted by approximate
integral equations and exact Monte CaildC) simulations. In the MC calculations, an Ewald construction for
Yukawa potentials has been used to take into account the long-range part of the interactions in the weakly
screened cases. Our results confirm that the perturbative first-order approximation is valid for this system even
at strong Coulomb coupling, provided that the screening is not too Weakfor Debye length smaller than
monomer radiys A comparison of the MC results with integral equation calculations shows that both the
hypernetted-chaifHNC) and Percus-Yevick closures have a satisfactory behavior under these regimes, with
the HNC being superior throughout. The relevance of our findings for interpreting SAS results is also
discussed.
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[. INTRODUCTION eral values of ionic strength in the range 7-50MmFor
. . this protein there is a clear evidence of a monomer-dimer
In spite of the large effort devoted in the last decades, %quilibrium affected by the ionic strength of the solut{é&n,

clear understanding of the interactions of macromolecules i%nd the authors of Ref4] were able to achieve a good fit of
solution is still far from being achieved,,2]. In particular, the experimental data by using a highly simplified “two-
this is true in the case of globular proteins, which share withComloonent macroion modeltmimicking monomers and

colloidal systems a number O.f common properﬁ:é]_s dimers of BLG), with effective forces represented by hard-

_ From the expeflmental point Qf VIew, the(e exist Severalsphere(HS) terms plus the repulsive Yukawacreened Cou-
b|oph_yS|caI t_ecr_]mques. for obtaining quantitative data o omb) part of the well-known Derjaguin-Landau-Vervey-
protein-protein Interactions uqder physu_)logmally .relevamOverbeek(DLVO) potential [6]. One important novelty of
condltlons_. Small-angle_scatteru(@A_S), for_ lnstance, ISCUr  ihat study, compared with previous ones, is the proposal of a
rently _beheved to p_rowde very r_e!lable |n_forr_nat|on, LmOIerrelatively simple, improved approximation to the RDF’s,
very different experimental conditioniH, ionic strength, suitable for best-fit programs and not restricted to the par-

temperature, etk. If the particle form factors are known, . ; ; :
e . . . ticular model but equally well applicable to different spheri-
dividing the SAS intensity by the average form factor yleldsCally symmetric potentials.

the experimental average structure factor, which is related to From the theoretical point of view, information on inter-

the r.ad'al distribution funct|on$RDF) g;(r) (i andj are 000 lar forces can be extracted from the experimental av-
species indexgsA recent experimeni4] reported small- o500 sirycture factor by comparison with a theoretical one,
angle x-ray scatteringSAXS) measurements on structural haqe calculation requires the choice not only of an interac-
properties ~ of a particular globular  protein, the yjon model but also of a recipe for deriving the RDF's from
B-lactoglobulin(BLG), in acidic solutiongpH=2.3), at SeV-  yhe intermolecular potentials. At present, the most accurate
techniques for evaluating RDF’'s are the “exact” computer
simulations—Monte CarldMC) and molecular dynamics
*Present address: Department of Physics, Shahjalal University diMD)—and the “approximate” integral equatiofig’s) from
Science & Technology, Sylhet-3100, Bangladesh. the statistical mechanical theory of classical flujdé Un-
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fortunately, such complex methods can hardly be included isome commonly used IE’s. In order to ensure always a good
a best-fit program for analyzing experimental data. In factaccuracy, the MC calculations are carried out with and with-
MC or MD simulations require long computational times andout a suitable Ewald constructigf0—12, which is expected
become difficult in regimes characteristic of globular pro-to play a major role in the cases of strong long-range inter-
teins in solution(i.e., low concentration, high charges, asym- actions (weak screening Although the theoretical frame-
metry in size and charge among the components of the mixyork for the Ewald construction, well known for unscreened
ture). On the other hand, only for a very limited number of Coulomb forces, has already been extended to Yukawa inter-
simple potentials and within an even more limited number ofactions in recent Ref§11,12, this work represents, to the
approximate “closures” do IE’s of liquid theory admit ana- best of our knowledge, the first MC detailed analysis of its
lytical solutions, providing closed-form expressions to be in-implementation and performance for the repulsive Yukawa
serted into best-fit codg$]. In all other cases, an iterative case[13].
numerical procedure is necessary, and this poses a major Qur calculations allow a rather precise determination of
drawback to any fitting scheme. Moreover, numerical soluthe limits of validity for the W1 expansion. They also show
tion of the IE closures tends to become unstable or does nefearly the degree of reliability of some typical IE’s under
converge in the region of our interest. these frequently encountered, demanding, regimes. It is
In order to simplify the problem, most analyses of SASworthwhile stressing that our results are in fact rather gen-
data for highly dilute solutions employ the crude approxima-eral, as there exists a large variety of physical phenomena
tion of neglecting all intermolecular forces, assuming eithefwhich can be described by Yukawa potentigld]. The ex-
large interparticle separations or weak interactions. In thisstence of “exact” computer simulations for a binary model
caseg;(r)=1, the average structure factor equals unity andyith these potentials would then prove to be useful within a
the SAS intensity depends only upon the average form facmuch more general context than the one treated here.
tor. A common first improvement over the previous choice

then corresponds to approximating the RDF's with their
zero-density limit, given by the Boltzmann factor—i.e., !l PROTEIN-PROTEIN INTERACTION POTENTIAL

gij (N =exd—B¢;(r)], where ¢;(r) is the pair potential and  \yhen mesoscopidcolloidal or protein particles with
B=(kgT)™* the inverse of the thermal energgbsolute tem-  jonizaple surface groups are put into a microscopic polar
perature multiplied by Boltzmann's constaritiowever, this  solvent(like watep, most of the charged surface groups dis-
zero-density approximation becomes insufficient at moderatggciate into the solvent and form microscoiounterions
concentrations or in regimes of colloidal or protein solutionsusua”y carrying one or two elementary charges. Conse-
when electrostatic interactions are strong—i.e., at low ionicquenﬂy, the big particles acquire high charges of opposite
strength. sign and are callethacroionsor polyions At equilibrium the
Motivated by this scenario, Reff4] proposed a more ac- counterions are located around the charged macroions, form-
curate representation gf(r) that takes into account, accord- jng an electric double layer. The counterion distribution
ing to a perturbative scheme, terms up to the first order in th@ands to screen the repulsions between macroions, which
density expansion of the potential of mean for&#;(r)  have charges of the same sign. The result is a screened Cou-
==B7tIn g;(r) [9] [note that tha;(r) expansion should not  jomb (Yukawa repulsion between macroions, which ensures
be confused with the RDF one, since these two expansionge stability of the solutioficharge stabilizationwith respect
differ even at the first order in densjtywhile the satisfac- to a possible irreversible flocculation. An important feature
tory best-fit results of Ref.4] seem to indicate that a first- of such repulsions is that they can be tuned by adding a
order approximation t&V;(r) (W1 approximation is suffi-  suitable amount of a simple electrolyte to the solution. In
ciently accurate for low concentrations such as thefact, such a salt provides additional fregcroions(coions,
experimental conditions under study, there is no veagyi-  with same charge sign as the macroions, as well as other
ori, to tell where this approximation breaks down, in the counteriony which increase the degree of screening and
absence of some “exact results” to compare with. On thehus reduce the macroion-macroion repulsift, 17).
other hand, as the experimental conditions present in the A BLG solution thus consists of many components: two
analysis of Ref[4] are fairly typical in the context of pro- different forms of macroions(protein monomers and
teins in solution, we feel that it would be interesting to makedimers, counterions, coions, and the solvent. At neuptl
such a comparison. Thus the main subject of the presenhe structure of thg8LG protein is dimeric, while at acidic
paper, which complements the methodological part of thggH (a condition more similar to the physiological ona
work of Ref.[4], is not the proposal of a new potential model partial dissociation into two monomers takes place. The
for BLG, but a test of the W1 approximation against moremonomer-dimer equilibrium, which determines the molar
accuratelMC and 1B structural results. fractions of both macroion species, depends upon the ionic
We perform MC simulations, at constant volume, tem-strength of the solution. At low ionic strength, the screening
perature, and total number of macroparticles, for shene is weak and the electrostatic repulsions predominate over the
HS-Yukawa-DLVO binary model, representing monomersattractive forces responsible for the formation of dimers; as a
and dimers ofBLG, investigated in Ref{4]. Various values consequence, most of the macroions are monomers. On the
of the screening parameter are considered, and the MC reeontrary, at high ionic strength a strong screening reduces the
sults for g;;(r) are compared with the corresponding onesmonomer-monomer repulsions in such a way that a large
predicted by the aforesaid W1 approximation as well as byraction of dimers can form.
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As in Ref.[4], we represent such SLG multicomponent l
solution at a highly simplified, “primitive model,” level of 7]:52 pia'is, (5)
description, using an effective “two-component macroion i=1

[rgg‘jilﬂ I‘g?g} :ﬁzes Il/ntr?t iac::ounrtd odnly protneilfn rraaé?clles_where pi is the partial number density of thiéh macroion
: ' Solvent IS regarded as a unito elec speciegpointlike microions and solvent do not appear here

:iré?egor;tr:guLrjnrg'crililonmégg?éoﬁog;%gresaf: d %S.rﬁ;r';:gkzs?ar'The definition of the model is then completed by providing
’ ! one of the two molar fractiong;=p;/p (i=1,2), wherep

sumed to be charged hard spheres, with different diametergE o, is the total density,
The presence of both solvent and microions appears only in Now, following partly Ref.[4], we add three remarks

:22 gﬁ&g'?ﬁégﬁgo\ngﬁ;ﬁptﬁteenm(';g;rlig;htieSF;;gtgifn_ about some assumptions involved in the choice of the model
T . - . ; ) potential.
protein interactions with the simple effective potential (i) At first glance one might suspect that reducing dimers
() = AHS(F) + Y to equivalent sphere@vith a volume twice as large as the
(1) = 70 + 4(1) @ monomey; i.e., neglecting the asymmetry of the dimer mo-
(i,j=1,2,with species 1 and 2 corresponding to monomerd€cular shape may seem a too drastic simplification. In order
and dimers, respectively Here the hard-sphere term ac- © clarify this point, it is to be stressed that in Rd#,5] two

counts for excluded volume effects different levels of description for the dimer were used in the
two factors which contribute to the SAS intensity. The co-
Hs + 00, 0<r <oy, herent scattering intensityq) was written as
2(r) = 2
00 1o, 2

(@) < 2 (pip) " (@)F(a)S;(a), (6)
whereo;; =(0y+07)/2 is the distance of closest approach be- "
tween two macroparticles of specieand j. On the other hereq is the magnitude of the scattering vectBf(q) the

hand, therenormalizedYukawa term angular average of the form factor of specigsand the
Ashcroft-Langreth partial structure facto(®r spherically
A(r) = ZiZ;€ expl— xp(r - o)} symmetric intermolecular potentialare defined by
! e(1+ kpoil2)(1 + kpojl2) r
_ w2 sin(ar)
3) S(@ =0+ dmlpip)'? | roy(n=_Fdr (@)
0

represents aeffectivescreened Coulomb repulsion between

two isolated macroionsin a sea of microionsand has the in terms of the three-dimensional Fourier transform of
same Yukawa form as in the Debye-Hiickel theory of elech;;(r)=g;(r)-1. A very accurate procedure was used to cal-
trolytes, but with coupling coefficients of DLVO typé].  culate numerically both macroion form factos(q) and
Here,e is the elementary Charge,the dielectric constant of Fz(q) from Crysta”ographic data’ tak|ng into account, in par-
the solvent.Z; the valency of species and «p the inverse ticylar, the exact elongated shape and structure of the

Debye screening length dwly to microions given by dimer—i.e., its distribution of scattering mattgt,5]. Thus
the approximation of spherical dimers was restricted only to

= \/877,392 Na (1419 (4)  the calculation ofS;(q), which is related, througly;(r), to
D 1000 ¢ ' the intermolecular potentials. At low protein concentrations,

the choice of spherically symmetric hard-core potentials can
N, is the Avogadro number, and=(1/2)c.ZZ denotes the indeed be justified. As in such regimes the average distance
ionic strength of the counterions originated from the ioniza-among particles is large, intermolecular forces are dominated
tion of the protein macromoleculgthe molar concentration by the long-range electrostatic interactions, whereas the de-
c. of these counterions is related to the macroion concentraails of the short-range repulsiofise., the excluded volume
tions through the electroneutrality conditiog,|Z|=cy|Z;|]  effecty are irrelevant.
+Cy|Zy|), while 1s=(1/2)2;c""(Z™%)? is the ionic strength (i) Our potentials are purely repulsive. We have not in-
of all microions (cations and anionsgenerated by added cluded the attractive van der Waals part of the DLVO poten-
salts. CIearIyKBl depends on temperature and represents atial for charged colloidal suspensioftbe so-called Hamaker
indication of the range of the screened Coulomb interactiongerm[6]), as it has already been shown to be unnecessary for
with kp— 0 corresponding to pure Coulomb potentials, this system in previous woild]. The basic reason is that van
whereaskp — o yields the opposite HS limit. While in real der Waals attractions may be fully masked by the electro-
experimentskp is fixed by the chemical conditions of the static repulsions when the latter are strong and are also neg-
solution (namely,|. and ), in this work we shall not con- ligible for moderately charged particles with a diameter
siderlg as an independent variable, but in view of our meth-smaller then 50 nnj16]. Moreover, the Hamaker term di-
odological purpose, we shall regakgdo;={ as an indepen- verges at contact, so that, to circumvent this singularity, the

dent reduced screening parameter. inclusion of the attractive term would require the addition of
A measure of the concentration of the two-macroion ef-a Stern layer of counterionsvith finite size condensed on
fective mixture will be given by the volume fraction the macroion surfacks].
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(iii) Given that the specific protein forms dimers, it ap- g (r) = exd - BW; (], (8)
pears that the8LG necessarily has a short-range monomer-
monomer attractior(related to the surface groupswhich _ _
causes the aggregation into dimers and detegrminpes the mono- PW() = = By (1) + (1), ©)
mer molar fractionx;. One expects this attractive terfpos-  whereW;(r) is the potential of mean force, which includes
sibly including hydrogen bondingo be rather complex and  the direct pair potentiap;(r) as well as B *w;;(r)—i.e., the
non spherically symmetric. If such a contribution werejngjrect interaction betweenandj due to their interactions

clearly understood and easily tractable, one could start froyith all remaining macroparticles of the fluid. In the density
a more fundamental viewpoint, choosing a model which congxpansion of; (1),

siders only monomers and includes the aforementioned at-

traction into their pair potential. One could then monitor the — BWj;(r) = In g;;(r) = - Beh;;(r) + wi(j1>(r)p+ wi(jz)(r)p2+ .

dimerization fraction within thisone-componentsystem. (10)

However, this analysis may be a project on its own right and

goes beyond the aims of the present study. the exactpower coefficient&)i(jk)(r) (k=1,2,..) can be com-
More simply, in order to avoid poorly known and angular- puted by using standard diagrammatic technid@éswhich

dependent potentials, the authors of Ré#s5] adopted the vyield the results, in terms of multidimensional integrals of
viewpoint of using abinary (monomer-dimerrather than a products of Mayer functions,

one-component model, and the required attraction was ac-
counted only indirectly, by using a chemical association fij(r) = exd - B¢y ()] - 1. (11
equilibrium to evaluate; [4,5].

While the dependence &f upon the added salte., upon
I must be taken into account in any best-fit analysis wit
the b!ngry mode[4,5], in_ the present work, for the sake of g;(r) = ex- B (N1 asp—0, (12)
simplicity, we shall considex; as an independent parameter.
Most of our calculations will be performed at equal molarwhich represents a zeroth-ord@N0) approximation, fre-
fractionsx; =x,, but in the last part of the paper we shall also quently used in the analysis of experimental scattering data.
address the effect of changing the molar fractions. The WO approximation avoids the problem of solving the OZ
equations, but is largely inaccurate except, perhaps, at ex-
tremely low densities. We then consider the first-order per-
turbative correctiofW1 approximatioi [4]

In the zero-density limitw;(r) vanishes andy;(r) re-
hduces to the Boltzmann factor—i.e.,

IIl. LOW-DENSITY EXPANSION OF THE MEAN-FORCE
POTENTIAL

As discussed in the Introduction, one of the most com- g (r) = exf— By (r) + “’i(jl)(r)p]' (13
monly used procedures to compute RD§gr) for a given
pair potential ¢;(r) goes through the solution of the
Ornstein-Zernike(OZ) IE's from the liquid state theory,
within some approximate closure relation. This can typically
be done only numerically, with the exception of few simple
cases(for some potentials and peculiar closyreshere the wfjl)(r) => xkyi(jli(r) => ka dr’fik(r’)fk]-(|r -r')).
solution can be worked out analytically]. K K

Note that, for HS-Yukawa potentials, the OZ equations do (14)
admit analytical solutiop18-20, within the so-called “mean
spherical approximationf/MSA), to be discussed further be- The evaluation of the convolution integr&fjli(r) is most
low. On the other hand, under the experimental regime whicleasily carried out in bipolar coordinates. After an integration
we are interested ifi4]—namely, low density and strong over angle variables/i(le(r) reduces to
electrostatic repulsionéveak screening—the MSA is well '
known to display a serious drawback since RDF’'s may as- 2w (7
sume unphysical negative values close to contact distance ik = " fo dxfi0] | dviyfig(y)]-
ajj, for particlesi andj which repel each other. To overcome bl
this shortcoming for repulsive Yukawa models, it would be  Of course, the use of the W1 approximation is not re-
possible to utilize an analytical “rescaled MSAL6,21,23  stricted to the model of this paper, and the proposed calcu-
(this possibility will not be investigated in the present paper lation scheme can be equally well applied to different spheri-
or to resort to different closures. cally symmetric potentials. While it was shown in R§4]

In general, then, only numerical solutions are feasiblehow this first-order correction largely improves the fit of ex-
and thus IE algorithms can hardly be included into best-fiperimental scattering data, over the WO one and under those
programs for the analysis of SAS results. experimental conditions, little could be said on the limits of

The use of analytical solutions or simple approximationsvalidity of the W1 approximation with respect to &nypo-
requiring only a minor computational effort is clearly much thetica) exact calculation. This is the reason why we tackle
more advantageous when fitting experimental data. This cathis task here by a comparison with MC simulations for a
be done by resorting to the exact, albeit formal, relation  binary HS-Yukawa-DLVO system.

By construction, this expression is never negative, thus over-
coming the major drawback of MSA. The explicit expression
of wi(jl)(r) reads

X+r

(15
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IV. MC SIMULATIONS AND EWALD SUM FOR YUKAWA optimal choice, so that the original potentid6) is recov-
FLUIDS ered for the range okp values of interest under the experi-
mental conditions of Ref4], without using too many terms

de;—l?ne \?\/Ii];frllcuglrisclont}/lgxid cg?enl\t/:glr;t;ec\?vrekljl k%%'%?t:?ns in the reciprocal-space summation. Our results indicate
9 P P : ~6.5/L (with L being the side length of the cubic simulation

is now widely appreciated the usefulness of the so-calle%ox) to be the optimal choice, which is of the same order of

Ewald sum for long-range electrostatic interacti¢h8,23]. : X X
On the other hand, a similar construction for Yukawa poten—magnItUde of the one typically used in the Coulomb case.

tials has appeared in the literature quite recefitly,12. We

now briefly recall the procedure detailed in Rdfk1,12. In V. INTEGRAL EQUATIONS

order to keep notation as Simp|e as possible, we shall restrict Our next task is to test the performance of some IE’s
ourselves to simple Yukawa potentials, the extension to oufinder the experimental conditions of Ré#]. This will
actual potentialEgs.(1)~(3)] being obvious. The basic idea strengthen the usefulness of the W1 approximation, in view

is to start with the total potential energy of its simplicity compared to a typical IE calculation for a
N ot binary mixture. The OZ IE’s of the liquid state theory for
U :1 > qaqﬁe_“ﬂ, (16) p-component mixtures with spherically symmetric interac-

2051 Mo tions read 7]

whereN is the total number of macroparticleg,ﬁ:|ra—rﬁ|, P

andq,=Z,e, qz=Zge are the charges. This term is then split hi(r) =c () +p2 % | dr’ c(rHhy(r =r']), (20

into a sum of two contributions, one evaluated in real space, I=1

while the other is calculated in momentum space on wavend their solution can be accomplished only in the presence
vectors given bk =2zn/V*? (V is the volume of the system of an additional approximate relatigslosure between the
andn a unit vector of integer componentdo this aim an  direct correlation functiodDCF) c;;(r) and the total correla-

a2\32 ., most known among these approximations fré (1) the
py(r) = (—> AT (170 Percus-YevickPY) closure
cij(r) = [e4i") — 1][1 + ()], (21)

is exploited. For\ values such that the real-space contribu-
tion is limited to particles in the basic simulation cell, the where y;(r)=h;;(r)—c;(r), (2) the hypernetted chaiHNC)

final result reads closure
u=1 % 0.0 Gy () = e AT — 1 —(r), (22
201 o« and(3) the MSA, much simpler than the above two, with the
y erfo(\r .+ Ko/ 2\) €T a8 + erfo\r ;- Ko/ 2\ )& 0 a8 DCF being related only to the potential outside the core
2r g Cij(r) == pB¢;(r) r=oy, (23
N 4 - (K + 1) complemented by the condition of excluded volurgg(r)
+ E \—/E qaqﬁk2+ 5 X N2 =0 inside the hard cores.
ap=1 ¥ k “p Other possible more refined closures, which can be re-
| 2 - Kp? garded as a combination of the above three, will be also
XCOIK o T o) + 2 05| — = €X " briefly addressed in this work.
@ NTT
K VI. NUMERICAL RESULTS
+kperfc = | |, (18)
A BLG monomer is composed of 162 amino acid resi-

where in the first sum we exclude the terms with equal indi—.dues: 20 of these are basic, so thapkit=2.3 the monomer

ces and we have introduced the complementary error fund® expected to be positiyely charged, with about 20 proton
charges. In our calculations we fix all parameters close to

tion their best-fit “experimental” value§4], ;=40 A, o,
2 (™ =285, ~50.40 A, 7,=20, Z,=40, T=298.15K, ande
erfc(x):ﬁ dze*. (19 =785 (strictly speaking, in Ref.[4], T=293.15, o,

’ X

=38.30 A, and the rati@,/Z; was about 1.8, since 2 of the
The first two terms in Eq(18) represent the real- and 20 amino acids of the monomer are at the monomer-
momentum-space summations, respectively, while the laghonomer interface in the dimer

two contributions refer to the self-enerffil,12. In the limit The packing fractiony=0.01 is also very close to that
kp—0, the above equation reduces to the Coulomb caséetermined from the experimental protein concentratign
[23], as it should. Equatiofil8) containsk as an adjustable =0.0096 [4]. We then vary the dimensionless screening pa-
parameter, and we have performed a detailed analysis for itemeter{=«po in the range/~1-10, roughly equivalent
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to the range of ionic strength (from 7 to 507 nM) exam- T T T T T g e [T
ined in the aforesaid SAS measurements BWG [4,5] i Z fc ]
[where {=1.41 whenl;=7 mM (weak screening, monomer i o B

molar fraction x;=0.89 and ¢=9.08 when ;=507 niM
(strong screeningx;=0.09]. Note that an increase dfhas
the effect of reducing not only the range of the HS-Yukawa-
DLVO potentials but also their amplitudes, as described by
Eq. (3).

In order to obtain the W1 approximation to the RDF'’s, we
have evaluated all the convolution ter .)k(r), given by
Eq. (15), at the grid pointg;=iAr (i=1,...,500, with Ar
=1A. At eachr; value, the double integral, Eq15), has
been carried out numerically by using the trapezoidal rule for 1
both x and y integrations. For the integration, we have L e S - e
chosen as upper limit the valug,,,=maxXey, o2+r), with o,

Xeut=02+12/kp, and as grid sizeAx=x.,/400. For they
integration,Ay=Ax.

The MC simulations have been performed at constan

FIG. 1. Partial correlation functiorgy(r), g15(r), andgy,(r) (in
9rder from bottom to topas a function of the rescaled distance

: : r/oy for {=3 andx,=0.5. Circles correspond to MC calculations,
N,V,T, with and without the Ewald procedure for a correct olid lines to HNC, dotted lines to PY, and dashed lines to the

treatment of the long-range electrostatic interactions. Mosﬁrst_order W1 approximation. Here and in the following the com-

Cf”“cu"’.’ltlons refer to a to@ number Of. particlis 2.16’ di- ponents 12 and 22 have been shifted upwards by one and two units,
vided in monomers and dimers according to the fixed mono:

. . respectively.

mer molar fractionx;. Although the sample size may seem
rather small with respect to present-day standards, one has éxploited, under conditions typical of proteins in solution. As
take into account that the Ewald construction takes a gredtrther elaborated below, we find that for valugs 2 (i.e.,
computational effort with increasing. In any case, we have KBlS o1/2) the W1 approximation well describes the behav-
carried out some additional calculations with a larger numbeior of the RDF's.
of particles in order to check for possible finite-size effects When{ is large(in the range/~5-10 the Yukawa in-
and found no significant differences in the results. Hence, wéeractions are strongly screened, and the RDF’s essentially
shall use this value oN throughout, with one exception reduce to the typical HS ones, with the first maximum cor-
which will be described later on. The simulation starts fromresponding to the contact distanag.
an appropriate lattice distribution of molecules. We have Figure 1 depicts the comparison between the MC results
typically employed 18 equilibration steps to eliminate any and the W1 approximation f@f=3 (corresponding to a mod-
memory of the initial configuration artificially introduced erately weak screeningand x;=0.5, which is when both
into the fluid. Then 5 10° additional steps have been used monomers and dimers are present in equal measure. Note
to collect sufficient information for the statistical averagesthat these conditions are close to one of the experimental
required to calculate the RDF’s. cases reported in Ref4], wherel;=47 mM corresponds to

With the same parameters we have also solved the OZ=2.8 andx;=0.48. On the other hand, as the ionic strength
integral equations numerically, by means of an efficient alds is lowered from 507 Ml to 7 mM, the experimental sys-
gorithm proposed by Labikt al. [24] employing 1024 grid tem switches from a fluid almost completely made up of
points, with a mesh sizAr =0.01o4, and 20 basis functions. dimers (x;=0.09 to one almost completely made up of
The PY, HNC, and MSA closures have been employed. Agnonomersx,;=0.85. This rather peculiar feature is specific
expected, the MSA resultsiot shown in our figuréspoorly ~ to the SLG and will also be considered further on. Here,
describe the MC data and exhibit the above-mentioned drawhowever, our main aim is to test the W1 approximation under
backs of the MSA closure in regimes with strong coupling atthe simple, symmetric, condition of equal molar fractions,
high dilution [16]. We have explicitly checked that other, since we already know, from Ref4], that the first-order
more sophisticated, approximations, such as the Rogerspproximation well describes th8LG experimental data,
Young (RY) closure[25] or the Zerah-Hanse(HMSA) one  which display, in particular, a lowering in the scattering in-
[26], which attempt to achieve thermodynamic consistencytensity at small angles, with a progressive development of an
of compressibility and virial pressures by interpolating be-interference peak at low ionic strengths. In Fig. 1 we also
tween two of the above closur¢BY-HNC and MSA-HNC, report the results from the HNC and PY IEsolid and dot-
respectively, are of no use here and such a thermodynamided lineg, which are practically indistinguishable on the em-
consistency is never achieved, presumably because of thioyed scale. It is apparent that in the case of Fig. 1 the
combined effect of low densities and strong long-range reW1-RDF’s g;1(r), g:2(r), andg,,(r) are in excellent agree-
pulsions[27]. ment with their MC, HNC, and PY counterparts. Note that,

Finally, both MC and IE calculations fay;(r) have been for all three RDF's,g;(r) remains zero even in a region
compared with the corresponding results from the first-ordeputside the hard core, while the position of the peak lies at a
W1 approximation, with the aim to assess the limits of va-distance larger thawr;, as a consequence of the strong
lidity where the expression given by E(L3) can be safely Yukawa repulsions.
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FIG. 2. Same as above witfv2 andx;=0.5. FIG. 4. Partial correlation functiorgy(r), g15(r), andg,,(r) (in
order from bottom to topas a function of the rescaled distance

A departure of the first-order W1 approximation from the /o1, @s computed witficircles and without(solid line) the Ed-
MC results can be observed for smaller values of the screefv@ld construction, fog=1 andx,=0.5.

ing paramete(, where higher-order terms in the density ex- yay off from the MC datdwith an overestimation of about a
pansion ofW;(r), Eqg. (10), begin to have a non-negligible factor of 2. On the other hand, even the results from the PY
effect. This is indicated in Fig. 2 for the cage-2, which  approximation are significantly displaced from the MC
corresponds to<51:<71/2, with the Debye screening length RDF’s. The difference between the HNC and PY results is
being equal to the monomer radi(eanong the experimental apparent, particularly for the latter, as expected. The PY ap-
data of Ref[4] we find {=2 andx,=0.73 when;=17 mM).  proximation overestimates both the heights and positions of
Again the HNC and PY RDF's are nearly identical with eachthe peaks, compared to the HNC ones. Overall the PY ap-
other and with MC data. On the other hand, the W1 approxiproximation fails to describe the MC calculation g« 2,
mation predicts peaks nearly at the same positions as the R¥hereas the HNC closure is consistently in good agreement
and HNC closures, while its peak heights are slightly overwith the MC data. Such a good performance of the HNC
estimated. However, the agreement between W1 and MC rexosure closely resembles the good agreement between HNC
sults can still be regarded as rather good. and MC, even at strong Coulomb coupling, for tbee-

In regimes with weaker screening the discrepancies bezomponentfluid of point charges(electron gas or plasma,
come more and more pronounced. The breakdown of all theiith £=0) (OCP in a uniform neutralizing backgrouri@8].
considered approximations can be clearly appreciated in Figdowever, the results for our binary model with screening at
3 for {=1 (note that the case with the weakest screening irpacking fraction»=0.01 can hardly be compared with the
Ref. [4] corresponds tdg=7 mM, ¢{=1.41, andx;=0.85.  available MC simulations foone-componentharged hard
The W1 results are not reported in this figure, since they argphereg OCCS, with£=0) in a uniform neutralizing back-

ground, atp=0.3-0.4[29]. Moreover, it is known the inad-

LN R N RN R RN R R equacy of the HNC for h|gh Charges at low concentrations
o C ] (for instance, in the dilute regime of 2-2 aqueous electrolytes
e 1 [30,31], where bridge diagrams become non-negligible for

i like-charge RDF’s On the other hand, despite the large
number of comparisons among PY, HNC, and MC predic-
tions carried out over the years, we are not aware of a similar
i detailed RDF investigation under regimes characteristic of
-------- BRRE globular proteins in solution, for HS-Yukawa-DLVO binary

1 models.

Next we consider the effect of taking into proper account
the long-range nature of the interactiofis the weakly
L screened caseavith the use of the Ewald construction. This
C is illustrated in Figs. 4 and 5, where the RDF’s computed
C with and without the Ewald construction are compared at
0 I 2 3 28 7 8 E =1 and{=0.25, respectively. Clearly, very little difference is

1 detected between these two calculations wigerl (and

FIG. 3. Comparison of the results from HNC, PY, and MC in the When/=0.5, not showh We find that the the presence of the
calculation of the partial radial distributions functions foxr1 and ~ Ewald construction begins to be important for very low val-
x,=0.5. The first-order W1 approximation is not depicted as it over-ues of the screening parametérs 0.25—i.e.,;<512401), as
shoots the MC results roughly by a factor of 2. shown in Fig. 5. Supplementary calculations, not reported
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FIG. 7. Asymmetric case withi=1.41 andk;=0.85, correspond-
ing to the lowest value of ionic strength=7 mM (i.e., the weakest

scale has been changed with respect to previous figures. Accordgreening investigated in Refl4].
ingly, here components 12 and 22 have been shifted upward by two

and four units, respectively.

here, confirm that this is true even for lower values of protein

charges—that is, for weaker Coulomb coupling.

Finally, we consider the effect of varying the molar frac-

tions. While the exact conditions reported in {BleG experi-

ment pose a very difficult challenge to an accurate MC cal-

species 2(dimerg, the results of Fig. 7 refer to a higher
number of particlesN=512).

VIl. CONCLUSIVE REMARKS

This work represents a necessary verification of the best-

culation in view of the particular combination of strong fit analysis of SAS experimental data, for solutions of
asymmetry and repulsions, we can nevertheless easily ag-|actoglobulin, presented in Refi4]. In the present paper

count for the general trend. This is depiCted in Flg 6, WherQNe have assessed the limits of Va||d|ty of the W1 approxi-
we have assumegk=2 andx;=0.75, in closer analogy with a mation, exploited in that work to calculate, in a simple way,

BLG experimental case,/=2 and x;=0.73, when Ig

the RDF’s in regimes typical of a large class of globular

=17 mM. It is apparent how the performance of the first- proteins in solution—that is, low concentrations and high
order W1 approximation is comparable to the correspondingnacroion charges. This task has been accomplished by con-

symmetric case;=2 andx;=0.5.

sidering thesamehighly simplified model proposed in Ref.

Figure 7 refers to the asymmetric case with the weakegt4] (i.e., abinary mixture of monomers and dimers of the

screening in Refl4]—i.e., {=1.41 andx; =0.85(correspond-

ing to the lowest value of ionic strength,=7 mM). Again,

protein, with HS-Yukawa-DLVO effective potentialand
comparing the correspondirg(r) obtained by three differ-

the HNC and PY results are in good agreement with the MGent methods: the first-order density expansion of the poten-
ones, and even the performange of the W1 apprOX|mat|0ﬂa| of mean force W1 approximatiol, “exact’” MC simula-
can be regarded as acceptable, in agreement with the resuligns, and approximate IE’s. All results reported here refer to
of Ref.[4]. We note that, in view of the low molar fraction of 7=0.01 and high macroion charged,=20 andZ,=40. For

4 P

® MC

—=- Wi

— HNC
« PY

w
LI B BB L B

0 1 2 3 4 5 6 7 8 9 10
/o,

FIG. 6. Asymmetric case, corresponding to Fig. 2, witt? and
Xl:0'75'

the MC simulations we have implemented an Ewald con-
struction for Yukawa potentials, which ensures a proper treat-
ment of the long-range part of the interactions, and we have
tested its relevance as a function of the screening parameter
{. In the IE calculations simple closurg®Y, HNC, and
MSA) as well as more elaborated onéRY and HMSA

have been considered.

We can summarize the obtained results as follows.

(i) The first-order W1 approximation can be considered
reliable in regimes with low concentratigm=0.01) even for
strong Coulomb couplindqup to charges 0f10—2Qe on
macroions with diameters of 40—50]Aprovided that the
screening is strong enough—i.e., wh&n 2 or, equivalently,
kg =<a,/2 (Debye length smaller than monomer radius
This finding demonstrates that the previous usage of the W1
approximation in Ref[4] was fully legitimate, for all con-
sidered cases including those with the lowest ionic strength
(Is<=7 mM, x,=0.85,{=1.41), which lies near the borderline
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of the reliability region. For weaker screenifigwer values  of the form factory we remark that it represents a common
of £ or Iargeer,l) at least second-order terms in the densitysimplifying choice. In particular, it is worth recalling a very
expansion should be taken into account. However, the resultecent study by Pellicanet al. [32], which reports evidence
ing W2 approximation would require a much higher compu-that the phase diagram of prototype globular protein solu-
tational effort and thus could not be conveniently includedtions (lysozyme andy-crystallin in water and added spttan
into a best-fit program for analyzing SAS experimental databe reasonably reproduced by a spherically symmetric repre-

(i) In the MC simulations the Ewald construction for sentation of macromolecular interactions. These authors em-
Yukawa potentials starts to be important for weak screeningployed a HS-Yukawa-DLVO one-component potential, in-
corresponding t@'< 0.25(K512401), and this is true even cluding the Hamaker attractive part.
for lower values of the protein charges. Evidently, in addition to the molecular granularity of the

(iii) Both the HNC and PY IE’s yield sufficiently accurate solvent and the finite sizes of all microions, a highly refined
values of the RDF's, as long d@s= 2. For lower values of model description of protein solutions should embody the
HNC is still accurate, whereas PY starts to deviate as exasymmetry of the molecular shape as well as the heteroge-
pected. The MSA predictions, on the other hand, are veryeity of the macroion surface charge distribution. The pres-
poor even in those regimes where the W1 approximation cagnce of different charged surface groups may produce
be considered reliable. Under these conditions both the RYcharge patches” that have a sign opposite to that of the net
and HMSA closures are found not to achieve thermodynamignacroion charge. The importance of non-spherically-
consistency between compressibility and virial pressures. Symmetric models with an inhomogeneous distribution of

(iv) The sufficient accuracy of the W1 approximation in positively and negatively charged groups was recently inves-
the regimes of our interegtested in this paper against “ex- tigated in a MC study of the electrostatic complexation of
act” MC result3, together with its successhown in Ref. flexible  polyelectrolytes ~ with ~ a-lactaloumin  and
[4]) in reproducing the main features of the experimentalB-lactoglobulin[33].
SAS intensity curves for the examinggl.G solutions, con- As a final remark to the present paper, it is worth pointing
firms the good performance of the highly idealized two-out that we are not aware of any previous investigations of
macroion model, which includes spherically symmetric HS-this type within the HS-Yukawa-DLVO binary model and in
Yukawa-DLVO repulsions, a monomer-dimer chemicalregimes typical of globular proteins in solution. Our results
equilibrium, and the “exact” form factors, evaluated by tak-and the methodological approach based upon the W1 ap-
ing into account the real nonspherical structure of the dimerproximation are expected to be useful in the analysis of SAS

Clearly, all complex characteristics of the interactions be-experiments. It would be rather interesting to pursue a simi-
tween globular proteins cannot be explained by the “primi-lar study on the thermodynamic predictions of the first-order
tive” level of description adopted in Ref4] and here. We approximation. This could be easily carried out, as all ther-
have followed the generally accepted philosophy of exploit-nodynamic quantities can be inferred either directly or
ing the simplest possible description of the system, which yethrough knowledge of the RDF’s. Another interesting issue,
can provide useful information on the basic underlying inter-within the present framework, involves an increase of the
action mechanism. The determination of the “true” protein-asymmetry between the two considered molecular sizes,
protein potentials thus remains an open problem. which is known to lead to possible depletion effd@4]. We

Our choice ofpurely repulsiveinteractions illustrates the plan to perform such investigations in a future publication.
minimal assumptions allowing a satisfactory reproduction of
the SAS data fopLG. In many studies on colloidal or pro-
tein solutions, satisfactory results were obtained from very We are particularly grateful to Francesco Spinozzi, Flavio
simplified models. The use of sophisticated potentials, with &arsughi, and Paolo Mariani for enlightening discussions
large number of different contributions, is often unnecessarand ongoing collaboration on the subject reported in this
at the first stages. Moreover, a high level of description forwork. T.K.D. thanks Professor S.R. Shenoy and the Abdus
potentials would be in striking contrast with the poor level of Salam ICTP Trieste for some support. The Italian MIUR
approximation to the RDF'§WO0 approximation commonly  (Ministero dell’lstruzione, dellUniversita e della Ricejca
adopted in many analyses of experimental data. through a PRIN-COFIN project and the INFNbtituto Na-

As regards the approximation spherical symmetryused  zionale di Fisica della Materjaare gratefully acknowledged
for the protein-protein interactioribut not in the calculation for partial financial support.
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